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Abstract
One possible definition for a Calabi–Yau algebra is a symmetric smooth PI algebra. Our main purpose
here is to prove some necessary and sufficient criteria for verifying the (local) symmetric property, in smooth
PI algebras. Many known smooth PI algebras are shown to have this property. In particular quantum en-
veloping algebras of complex semi-simple Lie algebras, in the root of unity case and the enveloping algebra
of sl(n) with (p,n) = 1, in characteristic p, are typical examples. A surprising result is that the inj.dimT ,
is finite, where T is the trace ring of m, n× n generic matrices over a field of zero characteristic.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let R be a ring which is a finitely generated module over a central normal Gorenstein subdo-
main C. Then R is called a Calabi–Yau algebra (CY in short), of dimension n, if:
(1) gl.dimR = K.dimC = n,
(2) R is a maximal Cohen–Macaulay module over its center Z(R),
(3) HomC(R,C) ∼= R, as R-bimodules.
We say that R is locally CY, if Rm is a CY algebra over Cm, for every maximal ideal m in C.
This definition is equivalent to the one given in [19], in case C is also local. However, in all
of our applications C is actually regular.
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CY property in smooth PI algebras. Recall that R is called smooth if gl.dimR is finite and the
projective dimension of all simple R-modules is constant along each clique (e.g. see [4,8] and
[27]). We shall then show that many of the smooth PI algebras appearing in “nature” are in fact
CY algebras. This implies by a result of [19] that their finite-dimensional modules satisfy a Serre
duality property.
It is clear that the main property to analyze is item (3), that is the symmetry property. In
analogy to the above definition we say that R is symmetric over C if R is a finite C-module,
where C is a domain as well as central subring of R, and HomC(R,C) ∼= R as R-bimodules.
Similarly, R is locally symmetric if Rm is a symmetric Cm algebra, for every maximal ideal m
in C. Our main results will be phrased in terms of these notions.
The recent preprints [7] and [19], which we have received while preparing the present paper,
contain several results in common. However their goals and methods are different. We shall
indicate the differences in passing.
Here is a more detailed account of our results. Recall that for a prime PI ring R, T (R) denotes
the trace ring of R [24]. Also Z(R) denotes the center of R.
Theorem A. Let R be a prime PI ring with an invertible PI.degR and T (R) = R. Suppose
(1) R is a locally symmetric C-algebra, where C is a normal Gorenstein ring, and
(2) R is a Cohen–Macaulay Z(R)-module.
Then Z(R) is a Gorenstein ring.
The next result, which is an immediate consequence, provides a useful necessary condition
for the CY property.
Corollary B. Let R be a smooth prime locally CY algebra, with an invertible PI.degR. Then
Z(R) is a Gorenstein ring.
The next result goes in the opposite direction and provides a sufficient condition for being
locally symmetric. The finiteness of the injective dimension seems to be gotten for free.
Theorem C. Let R be a prime PI ring with an invertible PI.degR, which is a finite module over
a central regular subring. Suppose
(1) R is a maximal Cohen–Macaulay Z(R)-module,
(2) Z(R) is a Gorenstein ring,
(3) Rq is an Azumaya algebra, for every height one prime q in Z(R).
Then inj.dimR < ∞, R is a locally symmetric C-algebra and R is an injectively homogeneous
ring (in the sense of [9]). Moreover R is still locally symmetric, if we merely assume in (1), that
R is a maximal order.
With the aid of Theorem C, many smooth PI algebras are shown to be locally CY.
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its completion Rˆm is also CY, for each maximal ideal m in C.
(1) Quantum enveloping algebras of complex semi-simple Lie algebras in the root of unity case
(e.g. [12]).
(2) Three and four-dimensional Sklyanin algebras appearing in [1] and [26].
(3) The non-commutative crepant resolutions appearing in [29] and [31].
(4) Symplectic reflection algebras, with t = 0, as in [14].
(5) Crossed products Sf ∗G and in particular Skew group rings S ∗G of a finite group G, where
G ⊆ SL(V ), V = Fx1 + · · · + Fxn, S = F x1, . . . , xn, assuming 1|G| ∈ F .
The following consequence of Theorem C is rather surprising.
Corollary E. Let Tm,n be the trace ring of the ring generated by m generic n× n-matrices over
a field with zero characteristic. Then inj.dimTm,n < ∞ and Tm,n is an injectively homogeneous
ring.
Our next sufficient condition is more limited in nature. However, it handles several important
cases if PI.degR is not invertible in R.
Theorem F. Let R be a prime PI algebra which is a finitely generated projective module over
a central normal subring C. Suppose that every height one prime ideal in R is generated by a
central element. Then R is a symmetric C-algebra. Moreover R is injectively homogeneous, if C
is regular and equidimensional.
The following examples are handled by Theorem F.
Corollary G. Let L be a finite-dimensional Lie algebra over a field F with charF = p > 0. Let
R be either U(L), its enveloping algebra, or a suitable completion of U(L). Then R is a CY
algebra in the following cases:
(1) L is nilpotent,
(2) L = sl(n), with p  n,
(3) L = gl(n).
The next result is a consequence of [19, Theorems 3.1 and 3.2] and the available flexibility
in C, which is valid in each of the examples appearing in Corollaries D and G.
Corollary H. Let R be a smooth F -affine CY n-dimensional algebra appearing in Corollaries D
and G. Then, for every F -finite-dimensional R-modules X, Y and 0 i  n, we have:
ExtiR(X,Y ) ∼= D Extn−iR (Y,X) where D(−) = HomF (−,F ).
2. Proofs
The next lemma shows that dealing with (semi-) prime CY algebras is not really a restriction.
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Proof. Clearly HomC(R,C) is a reflexive C-module. In particular it is a torsionfree C-module,
hence, the same holds for R. Consequently R ↪→ RC∗ , where C∗ = C − {0}. We also have
HomQ(C)(RC∗ ,Q(C)) ∼= RC∗ , and so RC∗ is a finite-dimensional Frobenius algebra over Q(C)
with gl.dimRC∗ < ∞. This can happen only if RC∗ is semi-simple Artinian, since a non-semi-
simple Frobenius algebra contains isomorphic copies of all its simple modules. Hence R is semi-
prime. 
Remark. The fact that C is a Gorenstein ring here, was not relevant in the proof. The next lemma
is well known.
Lemma 2.2. Let A be a finite-dimensional central simple algebra and r ∈ A with trace(r) = 0.
Then r =∑i[xi, yi] with xi , yi ∈ A.
Proof. This is obvious for matrices. We now split A by some maximal subfield and use descent.
Alternatively, sl(A) is a simple Lie algebra, and so it is equal to its own commutator ideal. 
Proposition 2.3. Let R be a prime PI ring with T (R) = R, R is a finite C-module with C ⊆
Z(R) and d ≡ PI.degR, is invertible in R. Let W = {f ∈ HomC(R,C) | f ([x, y]) = 0, for every
x, y ∈ R}. Then W ∼= HomC(Z,C), as Z ≡ Z(R)-modules.
Proof. Let f ∈ W and r ∈ R. Then tr(r − 1
d
tr(r)) = 0 shows that r − 1
d
tr(r) =∑i[xi, yi]
with xi, yi ∈ Q(R). Now Q(R) = RQ(C) (Z(R) being finite over C). So find δ ∈ C such
that δxi, δyi ∈ R, then δ2(r − 1d tr(r)) =
∑
i[δxi, δyi]. Hence, δ2f (r − 1d tr(r)) = f (δ2(r −
1
d
tr(r))) =∑i f ([δxi, δyi]) = 0 and so f (r) = f ( 1d tr(r)) for every r ∈ R. Let f˜ = f/Z. Then
the last equality shows that f = f˜ ◦ 1
d
tr . So define ψ :W → HomC(Z,C), via ψ(f ) = f˜ .
Clearly, if ψ(f ) = 0, then f = f˜ ◦ 1
d
tr shows that f = 0 and ψ is 1 − 1. Let h ∈ HomC(Z,C).
Then h′ ≡ h ◦ 1
d
tr is clearly in W and h′(z) = h( 1
d
tr(z)) = h(z 1
d
tr(1)) = h(z) for every z ∈ Z,
and so h˜′ = h′/Z = h. So ψ is onto. Finally, we shall show that ψ is a Z-module map. Indeed
(z.f˜ )(y) = f˜ (zy), and (˜z.f )(y) = (z.f )(y) = f (zy) for every y, z ∈ Z. Hence z.f˜ = z˜.f , as
needed. 
Corollary 2.4. Let R be as in the previous proposition. Assume also that HomC(R,C) ∼= R, as
R-bimodules. Then, HomC(Z,C) ∼= Z.
Proof. Let α: HomC(R,C) ∼= R be the given isomorphism. Then by regarding the R-bimodules
structure of HomC(R,C), it is easy to see that α−1(Z(R)) = W . Moreover, let g ∈ HomC(R,C)
such that α(g) = 1. Then g commutes with R, implying that g ∈ W and HomC(R,C) = R · g.
So α(Z(R) · g) = Z(R) · α(g) = Z(R), hence α−1(Z(R)) = Z(R) · g. Therefore Z(R) · g =
α−1(Z(R)) = W and by the previous proposition Z(R) ∼= Z(R) · g = W ∼= HomC(Z,C). 
The following result is probably well known, and is given here for lack of a suitable reference.
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lim←i Z/J
i
, be the J -adic completion of Z. Let M , N be finitely generated projective Z-modules
satisfying Zˆ ⊗Z M ∼= Zˆ ⊗Z N . Then ZM ∼=Z N .
Proof. The given isomorphism implies that Zˆ⊗Z M/Jˆ (Zˆ⊗Z M) ∼= Zˆ⊗Z N/Jˆ (Zˆ⊗Z N), with
Jˆ = Jac(Zˆ) = J Zˆ, where the last equality is standard. Since Zˆ ⊗Z M/Jˆ (Zˆ ⊗Z M) ∼= M/JM ,
and Zˆ ⊗Z N/Jˆ (Zˆ ⊗Z N) ∼= N/JN , where both isomorphisms are as Z/J modules, we get that
M/JM ∼= N/JN , as Z/J modules. It is a standard result about projective modules (e.g. [22,
Proposition 1.11]), that the latter isomorphism can be lifted to a Z-isomorphism ZM ∼=Z N . 
We shall need the following result about finite extensions of a commutative Gorenstein ring.
Our proof is elementary but not standard. A sketch of a more standard proof was kindly indicated
to us by Craig Huneke.
Proposition 2.6. Let C ⊂ Z, be a finite extension of Noetherian commutative rings. Assume that
C is local Gorenstein and that Z is Cohen–Macaulay and equidimensional. Then the following
are equivalent:
(1) Z is a Gorenstein ring,
(2) HomC(Z,C) ∼= Z, as Z-modules.
Proof. Let m be the unique maximal ideal of C and m1, . . . ,mk the complete set of maximal
ideals in Z. It is well known that Zˆ ≡ lim←i Z/m
iZ ∼= Z1 ⊕ · · · ⊕ Zk , where Zt ≡ lim←i Z/m
i
t ,
for 1  t  k. Let e1, . . . , ek be a set of orthogonal idempotents in Zˆ satisfying Zˆet ∼= Zt , for
each 1 t  k. Also observe that since Zt ∼= lim←i Zmt /(mt )
i
mt
, we get that Zt is a complete local
Cohen–Macaulay ring, and by the equidimensionality of Z, K.dim Cˆ = K.dimC = K.dimZmt =
K.dimZt . Consequently by [10], HomCˆ (Zt , Cˆ) is the dualizing module of Zt , for 1  t  k.
Now it is standard that Hom
Cˆ
(Zˆ, Cˆ) ∼= HomC(Z,C)⊗C Cˆ. We observe that this is a Zˆ-module
isomorphism, where Zˆ acts on the r.h.s. via the ring isomorphism Zˆ ∼= Z ⊗C Cˆ with Z acting on
HomC(Z,C) while Cˆ acts on Cˆ by multiplication.
Now assume that HomC(Z,C) ∼= Z as Z-modules. Let g ∈ HomC(Z,C), satisfying
HomC(Z,C) = Z.g. Then HomCˆ (Zˆ, Cˆ) ∼= HomC(Z,C) ⊗C Cˆ = Z.g ⊗C Cˆ = (Z ⊗C Cˆ).g ∼=
Zˆ.g = Zˆ.e1.g ⊕ · · · ⊕ Zˆ.ek.g, where all isomorphisms are as Zˆ-modules. We also have the fol-
lowing Zˆ-module isomorphism:
ν : Hom
Cˆ
(Zˆ, Cˆ) → Hom
Cˆ
(Zˆe1, Cˆ)⊕ · · · ⊕ HomCˆ (Zˆek, Cˆ),
where ν(h) ≡ (h|
Zˆe1
, . . . , h|
Zˆek
). By observing that h|
Zˆet
= et .h, for each t , we conclude that
Hom
Cˆ
(Zˆet , Cˆ) ∼= Zˆ.et .g, as Zˆ-modules, for 1 t  k. Consequently, HomCˆ (Zt , Cˆ) ∼= Zt as Zˆ
and Zt modules. This shows by [10, Theorem 3.3.7] that Zt is a complete local Gorenstein ring.
Consequently, Zmt is a local Gorenstein ring for each t , implying that Z is a Gorenstein ring.
We shall now proceed to prove the converse. So assume now that Z is a Gorenstein ring. This
implies that Zt is a complete local Gorenstein ring. As in the first paragraph, Hom ˆ (Zˆet , Cˆ) isC
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as Zˆet -modules. This isomorphism can be readily extended to an isomorphism of Zˆ-modules.
Therefore by using the above isomorphism ν, one has Hom
Cˆ
(Zˆ, Cˆ) ∼= Zˆe1 ⊕ · · · ⊕ Zˆek = Zˆ,
as Zˆ-modules. We shall now observe that the next isomorphism is a Zˆ-module isomorphism,
HomC(Z,C) ⊗C Cˆ ∼= HomC(Z,C) ⊗Z Zˆ, where on the l.h.s., Zˆ ∼= Z ⊗C Cˆ acts component-
wise, and on the r.h.s Zˆ acts by multiplication on the right component. Recall from the first
paragraph that Hom
Cˆ
(Zˆ, Cˆ) ∼= HomC(Z,C) ⊗C Cˆ, as Zˆ-modules. Finally, by combining the
last three isomorphisms, we get HomC(Z,C) ⊗Z Zˆ ∼= Zˆ ∼= Z ⊗Z Zˆ as Zˆ -modules. Therefore,
by Lemma 2.5, HomC(Z,C) ∼= Z, as Z-modules. 
Definition. Let R be a finite module over a Noetherian central domain C. We say that R is a
symmetric C-algebra, if HomC(R,C) ∼= R, as R-bimodules. We say that R is locally symmetric
if Rm is a symmetric Cm-algebra for every maximal ideal m in C.
Theorem 2.7. Let R be a prime PI ring with an invertible PI.degR and T (R) = R. Suppose:
(1) R is a locally symmetric C-algebra, where C is normal and Gorenstein,
(2) R is a Cohen–Macaulay Z(R)-module.
Then Z(R) is a Gorenstein ring.
Proof. Let m be an arbitrary maximal ideal in C. It suffices to show that Z(R)m is Gorenstein.
We may therefore assume that C is local and consequently that R is a symmetric C-algebra. Now
d ≡ PI.degR being invertible in R, implies that Z(R) is a direct summand of R and consequently
Z(R) is a Cohen–Macaulay ring. Therefore by Corollary 2.4, HomC(Z(R),C) ∼= Z(R). The rest
follows from Proposition 2.6, since the normality of C and the resulting “going down” property
between C and Z grant the equidimensionality of Z(R). 
The next result is an immediate consequence.
Theorem 2.8. Let R be a smooth prime locally CY algebra with PI.degR being invertible in R.
Then Z(R) is a Gorenstein ring.
Proof. By [8] Z(R) is a Krull domain, and therefore T (R) = R. Moreover, by [8] R is a Cohen–
Macaulay Z(R)-module. Consequently, by the previous theorem, Z(R) is a Gorenstein ring. 
Using the previous result it is now easy to construct a smooth prime PI algebra which is not
locally a CY algebra.
Example 2.9. Let S = C[x, y] be the polynomial ring in two variables, and G = 〈σ 〉 be the cyclic
group generated by σ . Suppose σ acts on Cx + Cy ≡ V by the matrix σ = (w 00 w
)
, where w is a
primitive 3rd root of unity. Then R ≡ S ∗G is a smooth prime PI algebra which is not locally a
CY algebra.
Proof. detσ = w2 = 1 and so σ /∈ SL(V ). Also clearly G = {1G,σ,σ 2} has no pseudo-
reflections. Consequently, by Watanabe’s theorem [10, Theorem 6.4.10(b)], SG is not a Goren-
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ring with Z(R) = SG. Therefore by Theorem 2.8 R is not locally a CY algebra. 
We shall now proceed to give sufficient conditions for verifying the local symmetry property.
This will imply similar results for locally CY algebras.
Theorem 2.10. Let R be a prime PI ring with an invertible PI.degR, which is a maximal order.
Assume that:
(1) R is a finite C-module, where C is a normal central subring,
(2) HomC(Z,C) ∼= Z, as Z-modules,
(3) Rq is an Azumaya algebra, for each height one prime ideal q in Z(R).
Then HomC(R,C) ∼= R, as R-bimodules, that is R is a symmetric C-algebra.
Proof. By (2), we have HomC(Z,C) ∼= Z, as Z-modules, and by Proposition 2.3 W ∼= Z, as
Z-modules, that is W = Z.g, for some g. Let Q(R) denote the simple Artinian quotient ring
of R and let Q(C) be the field of fractions of C. Then by (1), we have that Q(R) = RQ(C)
and HomC(R,C)C∗ = HomQ(C)(Q(R),Q(C)). Let I = {p ∈ SpecC | height(p) = 1}. We shall
consider HomC(R,C), HomCp(Rp,Cp), with p ∈ I , as subsets of HomQ(C)(Q(R),Q(C)).
The normality of C implies, by [16, Theorem 104] (or [21]) that C =⋂p∈I Cp . We shall next
show that HomC(R,C) =⋂p∈I HomCp(Rp,Cp). Indeed, let f ∈
⋂
p∈I HomCp(Rp,Cp). Then
f (R) ⊆⋂p∈I f (Rp) ⊆
⋂
p∈I Cp = C. Consequently f ∈ HomC(R,C) as needed. The reverse
inclusion is trivial.
Now, by (3), each Rq is an Azumaya algebra for each height one prime ideal q in Z(R),
and therefore, by “going down” between C and Z, Rp is Azumaya for each p ∈ I . Moreover,
since Zp evidently commutes with HomCp(Rp,Cp), we get by [13, Corollary 3.6, p. 54], that
HomCp(Rp,Cp) = Rp.HomCp(Rp,Cp)Rp , where HomCp(Rp,Cp)Rp = {h ∈ HomCp(Rp,Cp) |
x.h = h.x, for each x ∈ Rp}. Recall from Proposition 2.3, W = {f ∈ HomC(R,C) | f ([x, y]) =
0, for all x, y ∈ R}. Consequently, HomC(R,C)R = W and therefore HomCp(Rp,Cp)Rp =
(HomC(R,C)R)p = Wp = (Z.g)p = Zp.g. Therefore, HomCp(Rp,Cp) = Rp.(Zp.g) = Rp.g.
Next observe that R.g is a free R-module. Indeed, if l − annR g = 0, then (l − annR g) ∩ Z =
{0} and c.g = 0 for some 0 = c ∈ Z. This contradicts the freeness of W as a Z-module.
Next recall that R being a maximal order implies that R = ⋂q∈J Rq , where J = {q ∈
SpecZ | height(q) = 1}. Therefore, by the going down property between C and Z we get
that R = ⋂p∈I Rp , and consequently R.g =
⋂
p∈I (R.g)p . Therefore R.g =
⋂
p∈I (R.g)p =⋂
p∈I (Rp.g) =
⋂
p∈I HomCp(Rp,Cp) = HomC(R,C). Now g ∈ W and consequently the map
ϕ :R.g → R, which is given by ϕ(r.g) = r for each r ∈ R, is the required R-bimodule isomor-
phism. 
Remark 2.11. The condition that C is normal can be altered as follows. Indeed it is clear from
the proof that we merely need the following two assumptions on C:
(1) every height one prime ideal in Z contracts to an height one prime ideal in C, and
(2) C =⋂p∈I Cp .
It can be shown that if C is a Cohen–Macaulay ring, then the above will hold as well.
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Corollary 2.12. Let R be a prime Noetherian PI maximal order with PI.degR being invertible
in R. Suppose that Rq is an Azumaya algebra, for each height one prime q in Z(R). Then R is a
symmetric Z(R)-algebra.
Proof. The normality of Z(R) follows since R is a maximal order. By Theorem 2.10, we need
to show that R is a finite Z(R)-module and that Z(R) is Noetherian. Now T (R) = R, by the
maximal order property, so by the invertibility of PI.deg(R), we get a retraction from R to Z(R).
Consequently the Noetherian property of R implies that each ideal in Z(R) is finitely generated,
that is Z(R) is Noetherian. Finally the finiteness of R over Z(R), follows from [24, Corol-
lary 5.1.4]. 
The next result provides the first part of the proof of Theorem C. The second part is already a
consequence of Theorem 2.10. The occurrence of finite injective dimension is rather surprising.
Theorem 2.13. Let R be a prime PI ring with an invertible PI.degR, which is a finite module
over a central regular equidimensional subring C. Suppose:
(1) R is a maximal Cohen–Macaulay Z(R)-module,
(2) Z(R) is a Gorenstein ring,
(3) Rq is an Azumaya algebra, for each height one prime q in Z(R).
Then inj.dimR < ∞, R is a locally symmetric C-algebra and R is an injectively homogeneous
ring (in the sense of [9]).
Proof. By Proposition 2.6 and (2), and since Zm is equidimensional, being finite over Cm,
we have that HomCm(Zm,Cm) ∼= Zm, for every maximal ideal m in C. Moreover, by (1)
and Auslander–Buchsbaum’s co-dimension formula, it follows that Rm is a free Cm mod-
ule. Consequently, Rm = ⋂p∈I (m)(Rm)p is a consequence of Cm =
⋂
p∈I (m)(Cm)p , where
I (m) = {p ∈ SpecCm | height(p) = 1}. So, since (Rm)p is an Azumaya algebra for each p, we
have T (Rm) = Rm. Therefore, as in the proof of Theorem 2.10, Rm is a symmetric Cm-algebra,
for each maximal ideal m in C. Now the freeness of Rm as a Cm-module and the symmetry of Rm
imply that:
HomC/m(R/mR,C/m) ∼= HomCm(Rm,Cm)/mm HomCm(Rm,Cm) ∼= Rm/mmRm ∼= R/mR.
That is HomC/m(R/mR,C/m) ∼= R/mR, as R/mR-bimodules. So R/mR ∼= Rm/mmRm is a
symmetric C/m-algebra and in particular a Frobenius algebra. Let {x1, . . . , xn} be a regular se-
quence in Cm which generates mm. Then, by the freeness of Rm over Cm, it is a regular sequence
on Rm. Therefore, by [16, Theorem 206], which we can use here since Rm is a finite Cm-module
(see the remark in p. 180 of [17]), we have that inj.dimRm = n + inj.dimRm/mmRm = n. This
shows that inj.dimRm = n = K.dimCm, for each m and that Rm is injectively homogeneous by
[9, Theorem 3.4]. Now apply [9, Lemma 3.3]. 
Let Tm,n be the trace ring of the ring of m generic n × n-matrices over a field F of zero
characteristic (we refer to [24] for further details).
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the following holds: n = 1, m = 1, (m,n) = (2,2), (m,n) = (3,2), (m,n) = (2,3).
The following result is therefore of interest.
Theorem 2.14. inj.dimTm,n < ∞ and Tm,n is locally symmetric if (m,n) = (2,2). Moreover,
Tm,n is injectively homogeneous (in the sense of [9]).
Proof. By [30], R ≡ Tm,n is a maximal Cohen–Macaulay Z(R)-module. Now, by [20], Z(R) is a
UFD and consequently a Gorenstein domain. Moreover, as mentioned in [20], Rq is an Azumaya
algebra for each height one prime q in Z(R), unless (m,n) = (2,2). Consequently, if (m,n) =
(2,2) the previous theorem implies the required result. For (m,n) = (2,2) the smoothness is
already known and consequently it is injectively homogeneous. 
Remark. By Theorem 2.15 and [20], one can show that if (m,n) = (2,2) then Tm,n is in fact
symmetric.
Our next result enables us to handle a smooth PI algebra R in cases where PI.degR is not
invertible. Note that the symmetry property obtained here is a global one.
Theorem 2.15. Let R be a prime PI ring which is a finitely generated projective module over a
central Noetherian, normal subring C. Suppose that each height one prime ideal in R is gener-
ated by a central element. Then HomC(R,C) ∼= R, as R-bimodules.
Proof. We shall firstly show that HomC(R,C) can be identified with a R-subbimodule of R,
namely with an ideal of R. Let Q(C) be the quotient field of C and Q(R) the quotient ring of R.
The finiteness of R over C grants Q(R) = RQ(C). Let 0 = g ∈ HomQ(C)(Q(R),Q(C))Q(R) =
{f ∈ HomQ(C)(Q(R),Q(C)) | f ([x, y]) = 0, for all x, y ∈ Q(R)}. Then Q(R).g = g.Q(R) is
Q(R)-subbimodule of HomQ(C)(Q(R),Q(C)). Since both have the same Q(C)-dimension we
conclude that Q(R).g = HomQ(C)(Q(R),Q(C)). Let ϕ :Q(R).g → Q(R), be the map which
is defined by ϕ(a.g) ≡ a, for each a ∈ Q(R). Clearly, since g commutes with Q(R), ϕ is an
Q(R)-bimodule map. Now HomC(R,C) is naturally embedded in HomQ(C)(Q(R),Q(C)) and
since HomC(R,C) is a finitely generated C-module, the same is true for ϕ(HomC(R,C)),
which is also a R-subbimodule of Q(R). Therefore, there exists a non-zero δ ∈ C with
δϕ(HomC(R,C)) ⊆ R. Now all the following are R-bimodule isomorphisms HomC(R,C) ∼=
δ HomC(R,C) ∼= ϕ(δ HomC(R,C)) ≡ I . Therefore I is an ideal in R which is isomorphic to
HomC(R,C) as a R-bimodule. In particular, I is a finitely generated projective C-module. Since
C =⋂p∈J Cp , where J = {p ∈ SpecC | height(p) = 1}, we also have I =
⋂
p∈J Ip .
We shall now observe that R is a maximal order. Indeed R is projective over C, so C =⋂
p∈J Cp , which holds in C implies R =
⋂
p∈J Rp . We therefore have to show that Rp is a
maximal order. Let q be a height one prime ideal in Z(R) so that q ∩ C = p, and let P be
an height one prime ideal in R which contracts to q . Then P = aR, for some a ∈ Z(R) and
therefore q = P ∩ Z(R) = aR ∩ Z(R) = aZ(R), and q = (a). Hence, P = qR and therefore
P is the unique prime in R above q . Therefore Pp is localizable in Rp . Since each maximal
ideal in Z(Rp) has the form qp and so principal, we conclude that Z(Rp) is a Dedekind domain.
Also, since every maximal ideal in Rp has the form Pp and is principal, hence projective, we
conclude that Rp is hereditary with every maximal ideal being invertible. This shows that Rp is
a Dedekind prime ring, and in particular a maximal order.
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Q(R) | I ∗y ⊆ R}. Now by the above, Rp is hereditary for each p ∈ J . Therefore Ip is projective
in Rp and therefore ((Ip)∗)⊥ = Ip , for each p ∈ J . Also I ∗y ⊆ R implies (I ∗)py ⊆ Rp and
since (I ∗)p = (Ip)∗, we conclude that y ∈ (I ∗p)⊥ = Ip , for each p ∈ J . Consequently, (I ∗)⊥ ⊆⋂
p∈J (Ip)∗⊥ =
⋂
p∈J (Ip) = I , where the last equality is given in the first paragraph. Therefore
I is a reflexive ideal.
Consequently, since I is reflexive, we have by [11], since R is a maximal order, that
height(I ) = 1. Let P be a height one prime containing I . Let P = aR with a ∈ Z(R). Then
P ∗ = 1
a
R = R 1
a
, and P ∗I ⊆ P ∗P = R. Consequently, 1
a
I = P ∗I is a two-sided ideal in R which
properly contains I (if 1
a
I = I , then I = aI , and so I ⊆⋂i aiR = {0}). Also, 1a I is clearly
seen to be reflexive. We can continue the process with a height prime P1 = a1R, a1 ∈ Z(R),
and get I  1
a
I  1
a1a
I ⊆ R. This process must stop because of the Noetherian property of R.
Hence, 1
akak−1···a1a I = R, for some k. Hence, I = aa1 · · ·akR and I is a principal ideal gener-
ated by a central element. Hence, I ∼= R as R-bimodules, and therefore HomC(R,C) ∼= R, as
R-bimodules. 
The next corollary is instrumental in establishing Corollary H of Section 1.
Theorem 2.16. Let R be a smooth prime PI algebra which is a finite module over a regular cen-
tral subring C. Suppose that every height one prime ideal in R is generated by central element.
Then R is a CY a algebra.
Proof. The only thing we have to verify is that R is projective over C. This holds, since R, being
smooth, is a Cohen–Macaulay Z(R)-module and hence, a Cohen–Macaulay C-module. Since C
is regular, we conclude that R is a projective C-module. The rest follows from Theorem 2.15. 
The following examples appear in Corollary G of Section 1.
Example 2.17. Let L be a nilpotent finite-dimensional Lie algebra over a field F , with charF =
p > 0. Then, its enveloping algebra U(L) is a CY algebra.
Proof. That U(L) is a smooth PI algebra, follows from [6]. That R is a finite module over a
central polynomial subring over F follows from Noether’s normalization. Finally, the fact that
every height one prime ideal in U(L) is generated by a central element, is a consequence of [3].
The rest follows from Theorem 2.16. 
Example 2.18. Let F be an algebraically closed field with charF = p > 0. Let L = sl(n) with
p  n or L = gl(n). Then U(L) is a CY algebra.
Proof. The fact that U(L) is smooth and is a finite module over a central polynomial subring fol-
lows as in Example 2.17. Now, by [23], Z(U(L)) is a unique factorization domain, and by [6], Rq
is an Azumaya algebra for each height one prime in Z(U(L)). Consequently, by [3, Lemma 6],
each height one prime in U(L) is generated by a central element. Therefore, Theorem 2.16 is
applicable. 
Example 2.19. Let V = Fx1 + · · · +Fxn, be a n-dimensional F -vector space and G ⊆ SL(V ) a
finite group. Let S ≡ F x1, . . . , xn be the powerseries ring and f ∈ H 2(G,U(S)) a factor set.
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closed.
Proof. Let A ≡ F [x1, . . . , xn] be the polynomial ring in n-variables over F . Then, by Watan-
abe’s theorem [2, Theorem 4.6.2], AG is a Gorenstein ring. Consequently SG = ÂG is also a
Gorenstein ring. Now R ≡ Sf ∗ G is a prime PI ring with Z(R) = SG. Moreover, by [33] R is
also smooth. Therefore, in order to apply Theorem 2.13, we have to verify that Rp is an Azu-
maya algebra for each height one prime ideal p in Z(R) = SG. We shall firstly show that S is
unramified in co-dimension 1 over SG at each height one prime q of S, with q ∩ SG = p. The
main point here is to exhibit a non-trivial pseudoreflection in SL(V ), if Sp is ramified over SGp .
We follow here the argument appearing in [32]. Let G(q) = {σ ∈ G | σ(a) − a ∈ q , for all
a ∈ S}. Then it is known (e.g. [25, Proposition 20]) that |G(q)| = (lengthSq Sq/pSq). There-
fore, we have to show that |G(q)| = 1. So let σ ∈ G(q). Now by the UFD property of S we
have q = bS. Clearly b ∈ q ⊆ (x1, . . . , xn). If b ∈ (x1, . . . , xn)2, then since σ acts as an iden-
tity on S/q = S/bS, it acts trivially on (x1, . . . , xn)/(x1, . . . , xn)2 ∼= V , that is σ acts trivially
on V , and hence σ = 1. If b /∈ (x1, . . . , xn)2 then W ≡ Sb + (x1, . . . , xn)2/(x1, . . . , xn)2 is a
1-dimensional σ -invariant subspace of V . Now the semi-simplicity of the group algebra F 〈σ 〉,
grants the existence of U a n− 1-dimensional σ -invariant subspace complement of W in V with
U ∼= V/W = (x1, . . . , xn)/Sb+ (x1, . . . , xn)2. Recall that σ acts trivially on V/W . We therefore
get that V has a basis b¯, u1, . . . , un−1 with σ(b¯) = αb¯, α ∈ F , and σ(ui) = ui , i = 1, . . . , n− 1.
Therefore, detσ = α, and σ ∈ SL(V ) imply that σ = 1. All in all G(q) = {1}. Consequently,
Sp/S
G
p is a Galois extension. The remaining fact that S
f
p ∗ G is an Azumaya algebra follows
from [22, Lemma 7.8].
Finally, by Cohen’s structure theorem, there exists a powerseries ring C ⊆ SG, so that SG is a
finite C-module. We can now apply Theorem 2.13. 
Remark 2.20. If f = 1, then the previous result is also verified in [19, Theorem 3.13].
Definition 2.21. Following [30,31], we define a non-commutative crepant resolution of Z, as an
F -algebra R, satisfying the following assumptions:
(1) Z is a normal Gorenstein domain, with F an algebraically closed field,
(2) R = EndZ(M), where M is a finitely generated reflexive Z-module,
(3) gl.dimR < ∞, and R is a maximal Cohen–Macaulay Z-module.
Special 3-dimensional non-commutative crepant resolutions are considered in [29], in con-
nection to [5], in case charF = 0.
Example 2.22. Every non-commutative crepant resolution R is locally CY, provided Z(R) is
either F -affine, or local and complete, assuming (charF, rankZ M) = 1.
Proof. R is clearly prime. Moreover, the normality of Z shows that Z = Z(R). Now, if p is
a height one prime ideal in Z, then Rp = EndZp(Mp) is a trivial Azumaya algebra, since Mp
is a free Zp module. Also, in both cases Z is a finitely generated C-module, for some regular
subring C. Consequently, all the conditions of Theorem 2.13 are satisfied, since PI.degR =
rankZ M . 
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charF .
Example 2.23. Let R be a three or four-dimensional PI Sklyanin algebra over an algebraically
closed field F (e.g. [1] or [26]), with (charF,PI.degR) = 1. Then R is a (global) CY algebra.
Proof. That R is smooth follows as in [4]. By [26], Z ≡ Z(R) is a complete intersection ring,
and in particular, it is a Gorenstein ring. Moreover, Z is a N-graded domain and consequently
has a N-graded canonical module which is HomC(Z,C), where C is a suitable polynomial
ring inside Z (e.g. [10, Example 3.6.10 and Proposition 3.6.12]). By [10, Proposition 3.6.9],
HomC(Z,C) is also a non-graded dualizing module of Z. Therefore, by [10, Proposition 3.6.11],
HomC(Z,C) ∼= Z. Moreover, by [26, Theorem 5.1], the non-Azumaya locus of Z has co-
dimension which exceeds 1. Consequently, by Theorem 2.10, R ∼= HomC(R,C) and is therefore
a (global) CY algebra. 
Example 2.24. Let R = U	(L) be the quantized enveloping algebra, where L is a semi-simple
complex Lie algebra and 	 a root of the unity [12]. Then R is locally a CY algebra.
Proof. It is shown in [12] that Z(R) is a complete intersection ring and therefore it is a Goren-
stein ring. Moreover, by [6], Rq is an Azumaya algebra, for each height one prime q in Z(R).
Now, since Z(R) is also affine, we can find by Noether’s normalization theorem a central sub-
ring C, which is a polynomial ring and Z(R) is a finite C-module. The local CY property of R
follows now from Theorem 2.13. 
Recall that local CY means that Rm is a CY algebra for each maximal ideal m of C. However,
for special Lie algebras L (as above), we can get a global statement.
Remark. It is shown in [7, Theorem 3.5], that U	(L) is actually a CY algebra over its lth center,
for every semi-simple complex Lie algebra L and 	 a primitive lth root of unity. In the next
result, we get for L = sl(n), a similar result, but with more flexibility in C.
Example 2.25. Let R = U	,P (sl(n)) be the quantized enveloping algebra of sl(n), where 	 is a
primitive lth root of unity and l is a power of an odd prime. Then R is a CY algebra.
Proof. By [28], Z(R) is a UFD. By [6], Rq is Azumaya for each height one prime q in Z(R).
Consequently, by [3, Lemma 6], each height one prime in R is generated by a central element.
So the result follows from 2.16, where C can be chosen by Noether’s normalization, as any
polynomial subring C of Z(R) over which it is finite. 
Remark. It is shown in [7, Proposition 5.3] that the quantum function algebra F	G, is not a CY
C-algebra, where C ∼= θ [G]. We shall make use of this fact in our next result.
Proposition 2.26. Let R = F	G be the quantum function algebra as above. Then Z(R) is not a
UFD.
Proof. Recall that by [6], Rq is an Azumaya algebra, for every height one prime q in Z(R).
Suppose by negation that Z(R) is a UFD. Then by [3, Lemma 6], every height one prime in R
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polynomial subring C of Z(R), over which it is a finite module. In particular, if C = θ [G] (as in
[7, 5.1]), then R is a CY algebra over C and consequently R[ 1
z
] is a CY algebra over C[ 1
z
] for
every z ∈ C. This is in contradiction with [7, Proposition 5.3]. 
Example 2.27. Let R ≡ H0,c be the symplectic reflection algebra (as in [14]). Then R is locally
a CY algebra.
Proof. By [14, Theorem 1.5], R is a non-commutative crepant resolution (in the sense of 2.21)
of the Gorenstein domain Z(R). Therefore, the argument of Example 2.22 is applicable. 
Remark. A similar result is obtained in [7, Theorem 6.4], with a more specialized C.
Before proving Corollary H, we need the following remark:
Remark 2.28. Let R be any smooth affine PI F -algebra which is a CY algebra by Corollar-
ies C and E. Then, any polynomial ring C = F [x1, . . . , xn] ⊆ Z(R), such that Z(R) is a finitely
generated C-module can serve as the underlying C for R.
Proof. The fact that R is smooth implies by [8], that R is a CM Z(R)-module and consequently
R is a finitely generated free C-module. This was the only required property of C in the proof of
Corollaries D and G. 
Proposition 2.29. Let R be any smooth affine n-dimensional PI F -algebra appearing in Corol-
laries D and G. Let X,Y be F -finite-dimensional R-modules. Then:
ExtkR(X,Y ) ∼= D Extn−kR (Y,X), 0 k  n,
where D(−) = HomF (−,F ).
Proof. Let I ≡ (l − annR X) ∩ (l − annR Y ). Clearly, dimF R/I is finite, implying that
dimF Z(R)/I ∩ Z(R) is finite. By Noether normalization theorem (applied to Z(R) and
I ∩ Z(R)) there exists a polynomial ring C = F [x1, . . . , xn] ⊆ Z(R), such that I ∩ Z(R) =
(x1, . . . , xn) ≡ m. Therefore X,Y are also finite length Rˆ-modules, where Rˆ = lim←i R/m
iR ∼=
R ⊗C Cˆ and Cˆ = lim←i C/m
i = F x1, . . . , xn. Now, by Remark 2.28, R is a CY algebra with
respect to this underlying C. In particular, HomC(R,C) ∼= R as R-bimodules. Consequently,
Hom
Cˆ
(Rˆ, Cˆ) ∼= HomC(R,C) ⊗C Cˆ ∼= Rˆ as Rˆ-bimodules where the first isomorphism holds,
since R is a free C-module (being a CM Z(R)-module). Also, gl.dim Rˆ < ∞ follows as in [4].
Consequently Rˆ is a CY algebra over the underlying powerseries ring Cˆ ≡ F x1, . . . , xn.
Therefore by [19, Theorems 3.1 and 3.2], HomD(Mod Rˆ)(X,Y ) ∼= D(HomD(Mod Rˆ)(Y,X[n])).
Consequently, by [15, p. 166]:
Extk
Rˆ
(X,Y ) = HomD(Mod Rˆ)
(
X[0], Y [k])∼= D(HomD(Mod Rˆ)
(
Y [k],X[n])
= D(Hom ˆ
(
Y [k],X[k + n− k]))= D(Extn−k(Y,X))).D(ModR) Rˆ
532 A. Braun / Journal of Algebra 317 (2007) 519–533Now, the result will follow if we show that ExtiR(X,Y ) ∼= ExtiRˆ(X,Y ) for each i. This is presum-
ably well known, but for lack of a suitable reference we sketch its proof.
Let P• be the minimal projective resolution of X:
P• =: 0 →R Pk → ·· · →R P0 →R X → 0.
Then ExtiR(X,Y ) = Hi(HomR(P•, Y )), the ith homology of the complex HomR(P•, Y ). Also,
Rˆ ⊗R P• is a projective resolution of Rˆ(Rˆ ⊗R X) ∼=Rˆ X, where the isomorphism holds since
mX = 0, and similarly,
Rˆ
(Rˆ⊗R Y ) ∼=Rˆ Y . Consequently ExtiRˆ(X,Y ) = Hi(HomRˆ(Rˆ⊗RP•, Y )).
Therefore, it is only left to show that for each projective R-module P , HomR(P,Y ) ∼=
Hom
Rˆ
(Rˆ ⊗R P,Y ). Now mHomR(P,Y ) = 0 shows that Zˆ ⊗Z HomR(P,Y ) ∼= HomR(P,Y ).
On the other hand, by standard results (e.g. [18, Lemma 4.1, p. 15]), Zˆ ⊗Z HomR(P,Y ) ∼=
Hom
Zˆ⊗ZR(Zˆ ⊗Z P, Zˆ ⊗Z Y ) ∼= HomRˆ(Rˆ ⊗R P,Y ). 
Remarks.
(1) Special cases of the previous proposition do appear in the literature. The novelty here is that
there are no restrictions on the finite-dimensional modules X, Y .
(2) This consequence of being CY has also functioned as the definition of CY in many contexts
in non-commutative algebra (as remarked by the referee). Consequently, the category of all
finite-dimensional R-modules (where R is as in Proposition 2.29) is a Calabi–Yau triangu-
lated category.
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